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Abstract 



We consider "forward-backward" parabolic equations in the abstract form Jdip/dx+Lip = 0, 
< X < r < oo, where J and L are operators in a Hilbert space H such that J = J* = J~^, 
O , L = L* > 0, and kerL = 0. The following theorem is proved: if the operator B = JL is 

I similar to a self-adjoint operator, then associated half-range boundary problems have unique 

' solutions. We apply this theorem to corresponding nonhomogeneous equations, to the time- 

^ independent Fokker-Plank equation ^^{x,^) = b{fi)^j^{x, < x < t, /i G M, as well 

Ph . as to other parabolic equations of the "forward-backward" type. The abstract kinetic equation 

^ I Tdtp/dx = —A'tp{x) + /(x), where T = T* is injective and A satisfies a certain positivity 

• assumption, is considered also. 
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^ 1 Introduction 
o 

_ Consider the equation 

U ■ w{fi) — {x, fi) = -^{x, /i) - q{fi)ip{x, /i) {0 < X < T < oo, ^1 eR), (1.1) 

■ ox Ofi^ 

and the associated boundary value problem 

V^(0,/i) = if /i>0, V^(r,/i) = if ^<0. (1.2) 

Here w and q are locally summable on M and fiw{fi) > 0, yU G M. So the weight function w changes 
its sign at 0. We assume also that the Sturm-Liouville operator 

L : y ^ j^^{~y" + qy) (1.3) 

defined on the maximal domain in the Hilbert space L^(]R, \ w{x)\dx) is self-adjoint. Boundary value 
problems of this (forward-backward) type arise as various kinetic equations (e.g., [HI EH [181 [52] ; for 
other applications see [391 [53l [51] cind references). 
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In this paper we will consider the the following abstract version of equation (11.11) : 

^ = -JLip(x) (0 < X < r < oo). (1.4) 
ax 

Here L and J are operators in an abstract Hilbert space H such that L is a self-adjoint (bounded or 
unbounded) operator and J is a signature operator in H, that is J = J* = J~^. 
By P± we denote the orthogonal projections onto H± := ker(J =]= /). Clearly, 

H = H+®H^ and J = P+®P-. 

The aim is to find strong solutions of the associated boundary problem, i.e., to find continuous 
functions ip : [Q,t\ ^ H {jp E C([0,r];i7)) which is strongly continuously differentiable on (0,r) 
{ip G C^((0, r); H)) and satisfies Eq. (I1.4p with the following boundary conditions 

P+m=V+, P-^(r) = <^_, (1.5) 

where (p+ G and G H are given vectors. If we define L by (11. 3p and put 

H = L\R, k(/i)M/x), (J/)(^) := (sgn/i)/(/i), (1.6) 

we get problem (ll.ip - (ll.2p . 

For the case when L is nonnegative and has discrete spectrum, problem (ll.4p - (ll.5p has been 
described in great detail (see [21 HSl [6], HH O [181 [50] and references therein). For methods used in 
these papers, the assumption o"(L) = adisc{L) or the weaker assumption inf aess{,L) > is essential. 
Generally, the latter assumption is not fulfilled for Eq. (II. ip . The simplest example is the equation 

dib d'^ib 

(sgn/x)|/i|"^(x,/i) = ^(x,/i) (0<a; <r< oo, /iGM), a > -1, (1.7) 



which arises in kinetic theory and in the theory of stochastic processes (see IHl [18], [52] and references 



in [13]). Indeed, for this equation the operator L = is self-adjoint in L^(]R, |/i|°(i/i) and 



cr(L) = aess{L) = [0, +oo). 

In the case r < cxd, problem (II. 7p . (11.20 was studied in [53] with a = 0. In the case r = oo 
(the half-space problem), one has a boundary condition of the type (ll.2p at a; = and, in addition, 
a growth condition on ip{x,fi) for large x. The half-space problem for Eq. ( 11. 7p was considered in 
[l3l [m [IT] in connection with stationary equations of Brownian motion. Note that the methods 
of [ISl HU [171 [53] use the special form of the weight w and corresponding integral transforms. The 
results achieved in [33] for the sample case a = 1 was used in [35], where a wider class of problems 
was considered under the hypotheses that 

the weight w is bounded (1.8) 

and w{fi) = fi+o{fi) as /i — > 0. However, all these results were obtained under additional assumptions 
on the boundary data. In particular, it was supposed that (p± are continuous. 

The case when L may be unbounded and may have a continuous spectrum was considered in [TBI 
Section 4], where the half-space problem is studied (in an abstract setting) under the assumptions 
(I1.8P and L > S > 0. This assumption was changed to L > in [7j. However, it is difficult to 
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apply the results of [7] to equation (11.71) since an additional assumption on the boundary values 0± 
appears. This assumption is close to assumption of [IHl HU HH] . The method of [I6l Ej is based on 
the spectral theory of self-adjoint operators in Krein spaces. 

The aim of this paper is to modify the Krein space approach of [T6l [7] and to prove that problem 
(ll.4l) - (ll.5p has a unique solution for arbitrary ip± G H±. In particular, it will be shown that the 
problem (11.71) . (II. 2p has a unique solution for arbitrary ip± G L^(]R-|-, More general equations 

of the Fokker-Plank type will be considered also. 

Recall that two closed operators Ti and T2 in a Hilbert space H are called similar if there exist a 
bounded and boundedly invertible operator S in H such that S dom(Ti) = dom(T2) and T2 = STiS~^. 

The central result is the following theorem. 

Theorem 1.1. Assume that the operator L is self-adjoint and positive (i.e., L > and ker L = 0). 
Assume that the operator JL is similar to a self-adjoint operator in the Hilbert space H . Then for 
each pair Lp± G H±, there is a unique strong solution ip of problem (ll.4p - (ll.5p . This 

solution is given by (12.180 . 

The proof is given in Subsection 12.21 The half-space problem (r = 00) is considered in Subsection 
12. 3[ In Section [3] we consider correctness and nonhomogeneous equations. 

The formal similarity between Eqs. (Il.ip - (ll.2p and certain problems of neutron transport, radia- 
tive transfer, and rarefied gas dynamics has given rise to the emergence of abstract kinetic equation 

= -Aip(x) (0 < X < r < 00); (1.9) 

dx 

see [ini m Hni HU mi HSJ and references therein. When Eq. (II. 9p is considered in a Hilbert space H, 
the operator T is self-adjoint and injective. The operator A is called a collision operator, usually it 
satisfies certain positivity assumptions (see e.g. [18]). For unbounded collision operators, equation 
(ll.Qp is usually considered in the space Ht that is a completion of dom(T) with respect to (w.r.t.) 
the scalar product (■, ■)t '■= {\T\-, ■)h- The interplay of dom(T) and dom(y4) may be various. This 
leads to additional assumptions on the operators T and A. It is assumed in [161 Section 4] that T is 
bounded and A > 5 > 0; in [7J, ran(T) C ran(A). Note that equation (I1.7P can not be included in 
these settings. 

The second goal of the present paper is to remove the assumptions mentioned above. We will 
show that the following condition is natural for the case when A is unbounded: the operator A is a 
positive self-adjoint operator from TCt to the space that is a completion of dom(T~^) w.r.t. the 
scalar product {\T\~^-, see Section H] for details. It is weaker than the assumptions mentioned 
above. On the other hand, it characterizes the case when equation (ll.9p may be reduced to equation 

Theorem 11.11 leads to the similarity problem for J-positive differential operators. In Section [5l we 
use recent results concerning the similarity [8l[T5l[2ni[3ll[30l[35l[36l[28] (see also [231 [2ll [12] and 
references in [301 [2H]) to prove uniqueness and existence theorems for various equations of the type 
dLH). 

Note also that abstract kinetic equations with nonsymmetric collision operators may be found in 
[211 HSl IISI n\ im Ej • From other point of view, equation (II. ip belongs to the class of second order 
equations with nonnegative characteristic form. Boundary problems for this class of equations were 
considered by various authors (see [331 112] and references). But some restrictions imposed in this 
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theory makes it inapplicable to Eq. (11.11) (see a discussion in [15]). The case when w is dependent 
of ji or the operator L is dependent of x was considered, e.g., in [H HH]. 

The main results of this paper were announced in the short communications [261 125] . 

Notation. Let ^ be a linear operator from a Banach space Hi to a Banach space H2- In what 
follows, dom(^), ker^, ran^, ||^||//^_^//2 the domain, kernel, range, and norm of A, respectively. 
If M is a subset of Hi, then AM := {Ah : h G M}. In the case Hi = H2, cr{A) and p{A) denote the 
spectrum and the resolvent set of A, respectively. As usual, o"disc(-^) denotes the discrete spectrum 
of A, that is, the set of isolated eigenvalues of finite algebraic multiplicity; the essential spectrum 
is aess{A) := (j{A) \ crdisc(-^)- By E-^{-) we denote the spectral function of a self-adjoint (or J-self- 
adjoint) operator A. We write / G 74Cioc(K) if the function / is absolutely continuous on each 
bounded interval in M. Put IR+ := (0, +00), ]R_ := (-00, 0), and 1 := M U cx). 

2 Existence and uniqueness of solutions 
2.1 Preliminaries 

In this section basic facts from the theory of operators in Krein spaces are collected. The reader can 
find more details in [21 EB] ■ 

Consider a complex Hilbert space H with a scalar product {■,-)h and the norm || ■ \\h '■= (■, •)^/^. 
An operator ^ in if is called positive (negative) if {Ah, h)H > (resp., < 0) for all h G dom(^) \{0}. 
We write ^ > if ^ is positive. 

Suppose that H = H+ © where if+ and H^ are (closed) subspaces of H. Denote by P± 
the orthogonal projections from H onto H±. Let J = P+ — P- and [■, ■] := (J-, ■)h- Then the pair 
/C = {H, [■,■]) is called a Krein space (see [21 [38] for the original definition). The form [-, ■] is called 
an inner product in the Krein space /C and the operator J is called a fundamental symmetry (or 
a signature operator) in the Krein space /C. Evidently, (7i, [■,■]) is a Hilbert space if and only if 
H. = 0. 

A subspace Hi G H is called non-negative (non-positive) if [h, h] > {< 0, resp.) for all h G Hi. 
A non-negative (non-positive) subspace Hi is uniformly positive (uniformly negative, resp.) if there 
is a constant a > such that q;||/;,||j:/ < [h,h] (< —[h,h], resp.) for h G Hi. A non-negative 
(non-positive) subspace Hi is called maximal non-negative (non-positive) if for any non-negative 
(non-positive) subspace H2 D Hi we have H2 = Hi. Subspaces Hi and H2 are called J-orthogonal if 
[hi, h2] = for all hi G Hi, h2 G 7^2- We write Hi = H2[+]H3 if Hi admits decomposition into the 
direct sum of two J-orthogonal subspaces H2 and H^. 

Suppose that subspaces H± possess the properties 

(i) 7i_|_ is non-negative, TC- is non-positive, 

(ii) (7Y+, [■,■]) and {H-, —[■,■]) are Hilbert spaces; 

and suppose that H = 7i+[-i-]7i_; then this decomposition is called a canonical decomposition of the 
Krein space JC. 

Evidently, H = H^ © H_ is a canonical decomposition. Note that there exist other canonical 
decompositions (see Proposition 12.21) . 

Let H = 7i_|_ © H- be a canonical decomposition. Then the norm || • := a/±[-, ■] in the 
Hilbert space (7^±,±[-,-]) is called an intrinsic norm. It is easy to prove (see ^ Theorem 1.7.19]) 
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that the norms || • and || ■ \\h are equivalent on 7i±; moreover, 

l\\h±\\H < \\h±\\n± < \\h±\\H, h±eH±, (2.1) 

where 7 G (0, 1] is a constant. 

Statement (i) of the following proposition is due to Ginzburg (see [2], Theorems 1.4.1 and 1.4.5]), 
Statement (ii) is due to Phillips and Ginzburg (see [2, Lemma 1.8.1]). 

Proposition 2.1 (e.g. |2j). Let H = © be a canonical decomposition and let V+ and V- he 

corresponding mutually complementary projections on 7i+ and 7i_ , respectively. 

(i) // Hi is a maximal non-negative subspace in H , then the restriction \ Hi : Hi ^ is 

a homeomorphism, that is, it is bijective, continuous, and the inverse mapping {V^ \ Hi)^^ : 
Ti^ Hi is also continuous. 

(ii) // Hi is a uniformly positive subspace in H , then there is a constant j3 G (0, 1) such that 

\[V-h,V-h]\<P[V+h,V+h]. 

Let ^ be a densely defined operator in H. The J-adjoint operator of A is defined by the relation 

[Af,g] = [f,A^*^g], / G dom(^), 

on the set of all g ^ H such that the mapping / \—>- [Af, g] is a continuous linear functional on 
dom(^). The operator A is called J -self -adjoint if ^ = ^W. It is easy to see that A^*^ := J A* J and 
the operator A is J-self-adjoint if and only if J A is self-adjoint. Note that J = J* = J^^ = J^*^. 
A closed operator A is called J-positive if [Af, /] > for / G dom(^) \ {0} (it is equivalent to 
JA > 0). 

Let & be the semiring consisting of all bounded intervals with endpoints different from and 
their complements in M := M U cxd. 

Let ^ be a J-positive J-self-adjoint operator in H with a nonempty resolvent set, p{A) 7^ 0. Then 
A admits a spectral function E{A). Namely, 

(i) the spectrum of A is real, cr{A) C M; 

(ii) there exist a mapping A — E{A) from (5 into the set of bounded linear operators in H with 

the following properties (A, A' G &): 

(El) E(An A') = ^(A)E(A'), ^(0) = O, ^(1)=/, ^(A) = ^(A)W; 

(E2) E(AU A') = ^(A) +^(A') if AnA' = 0; 

(E3) the form ±[-, ■] is positive definite on E{A)H, if A C R±; 

(E4) E{A) is in the double commutant of the resolvent Rj\^{X) = {A — X)~^ and a{A \ 
E{A)H) C A; 

(E5) if A is bounded, then E{A)H C dom(^) and A \ E{A)H is a bounded operator. 

According to [381 Proposition II. 4. 2], a number s G {0, 00} is called a critical point of A, if for 
each A G (3 such that s G A, the form [-, ■] is indefinite on E{A)Sj (i.e., there exist h± G E{A)S} 
such that /i+] < and [h_, h_] > ). The set of critical points is denoted by c{A). 
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If a ^ c{A), then for arbitrary Aq, Ai G M \ c{A), Aq < a, Ai > a, the hmits 

hmE([Ao,A]), hmE([A,Ai]) 

exist in the strong operator topology. If a G c{A) and the above limits do still exist, then the critical 
point a is called regular, otherwise it is called singular. Here we agree that, if a = oo, then A > a, 
A < a, A J. a, and A t « mean A > — oo, A < +00, A | —00, and A t +00, respectively. 

The mapping A E{A) can be extended to the semiring generated by those intervals whose 
endpoints are not singular critical points of A. For this extension Properties (E1)-(E5) are preserved. 

2.2 Proof of Theorem [131 

Let L be a positive operator in a Hilbert space H and let J be a signature operator in H. Put 

B := JL. 

Then i? is a J-self-adjoint and J-positive operator in the Krein space /C := {H, [-, ■]), where [■, ■] := 
{J-,-)h- The following proposition is well known. 

Proposition 2.2. Let B be a J-positive J-self-adjoint operator in H such that p{B) 7^ 0. Then the 
following assertions are equivalent: 

(i) B is similar to a self-adjoint operator. 

(ii) and 00 are not singular critical points of B. 

(iii) There exist a fundamental decomposition H = H^[+]H^ of the Krein space /C such that B = 
B++B-, where B^ := B \ dom(5) n H^, and a{B^) = cr{B) nM±. 

// these assertions hold and and are corresponding mutually complementary projections on 
and H^, respectively, then = E^{M.±), where E^{-) is a spectral function of B defined in 
Suhsection \2.1\ 

Assume that 

B is similar to a self-adjoint operator in H. (2.2) 

Then p{B) C M and assertions (i)-(iii) of Proposition [52] hold true. Note that Property (E3) implies 
that the form ±[-, ■] is non-negative on H^. Evidently, 

(H^) is a maximal non-negative (non-positive) subspace in H. (2-3) 

Moreover, it follows from (12.11) that {H-) is uniformly positive (resp., negative). In the sequel, 
we consider as Hilbert spaces with the inner products ±[-, ■] and the (intrinsic) norms || ■ ||jys : = 

Proposition 2.3. Let B he similar to a self-adjoint operator. Then the operator B^ (B~ ) defined 
in Proposition \2.^ is a positive (negative, resp.) self-adjoint operator in the Hilbert space (resp.. 
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Proof. Positivity of follows immediately from J-positivity of B. B^ is symmetric since it is 
positive. It follows from (12.21) that the spectrum of B is real, cr{B) C M. Thus, cr(i?+) C M and 
therefore B^ is self-adjoint in H^. The same arguments hold for B~. □ 

Now we write equation (11.41) in the form 

^ = -BMx) (0<x<T <oo), (2.4) 
ax 

and suppose that ip is a solution of (12.41) . (11.51) . 

We put ip±{x) := Piipix) and Ef := E^{{-oo,t]). Note that, by Proposition E^l is well- 
defined for all t G M and E^{-) \ is the spectral function of the self-adjoint operator B^. Eq. 
(12.41) implies that for x e [0, r], 

r+oo 

Mx) = / e-^* dEf MO) = e-^'^>+(0), (2.5) 
/-° 

iP_{x) = / e("-^)* dE^ tp.{T) = e("-^)^ ^_(r). (2.6) 

J — oo 

The integrals converge in the norm topologies of as well as in the norm topology of H. Recall 
that, by (12. ip . these topologies are equivalent. 

It follows immediately from Proposition 12.31 that for all h G H^, 

\\e^''^^h\\HB <\\h\\HB if x>0. (2.7) 

So for each pair G H^, G H^, there is a unique solution of (12.41) such that ip+iS^) = ip+, 
^_(r) = 

The boundary conditions (11.51) becomes 

P+[V^+(0) + e-^>_(r)] = , P.i^T) + e--^>+(0)] = (2.8) 
It follows from (12. 3p and Proposition 12.11 (i) that there exist operators 

R± '■= {P± \ H^)^^ : H± ^ ] moreover, R± are homeomorphisms. (2.9) 
Let us introduce operators G± : by 

G+h+ := R^P_e-^^^h+, G^h_ := R+P+e^^'h^, h± G H^. 
Using the operators R±. and G±, we write (12.81) in the form 

7/>+(0) + G_^_(r) = ^_(r) + G+^+(0) = /2_v^_. (2.10) 

Combining these equations, one gets 

{I-G-G+)ilj+{0)=R+ip+-G^R.ip., {I -G+G-)ij4T) = R_ip_-G+R+ip+. (2.11) 
Lemma 2.4. HG^Hji^b^ji^s < 1 and \\G^\\fjB^fjB < 1. 
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Proof. Let us prove that for h± G H^, 

\\RzfPzfh±\\fjB < P±\\h±\\fjB with certain constants (3± < 1. (2-12) 

Indeed, since R^P^hj^ G H^., we have /i+ = P^(/i+ — i?_P_/i_|_) and therefore 

WKWh^ = \\P^ih+ - R_P_h+)\\HB. (2.13) 

Note that H = H^[+]H^ is a fundamental decomposition of the Krein space /C and if+ is a uniformly 
positive subspace in /C. Hence Proposition 12.11 (ii) implies 

f]+\\P^g+\\HB > \\P^g+\\HE for all g+ G H+ (2.14) 

with a certain /?+ < 1. Further, P_{h^ — R_P_h^) = 0, that is, (/i+ — R^P^h^) G Therefore 
fl27Hl) yields 

/?+||P^(/l+-i?_P_/l+)||Hf > \\P^ih+-R-P-h+)\\HB = \\R-P-h^\\HB. 

From this and fl^TT^ . we get fl^TT^ for h+eH^. The proof of fl^TT^ for /i_ G is the same. To 
conclude the proof, it remains to combine (12.121) and (12. 7p . □ 

Lemma [2.41 implies that 

I — G^G± are linear homeomorphisms in H^. (2-15) 

Let us consider Eqs. (12. 8p as a system for the unknowns '?/^+(0) and iP-{t). 

Lemma 2.5 ([7]). System (12.81) has a unique solution 

^+(0) = (/ - G_G+)-i(i?+y.+ - G_P_y._), (2.16) 
^_(r) = (/ - G+G_)-i(P_^_ - G+P+(/.+). (2.17) 

Remark 2.6. Lennma \KR was obtained in other form in /7/ (^see Lemma 2.2 and the end of the proof 
of Theorem 3.4 there). Earlier, it was proved under the additional condition cr{B) = (Tdisc{B) in f^, 
see also J^Pj [7^ . We give another proof, which is based on Lemma 2.4 and is an improvement of 
treatments from 



Proof. First note that system (12. 8p is equivalent to system (I2.10p . Further, (I2.10p implies (12. lip . On 
the other hand, (12.110 is equivalent to (I2.16p - (l2.17p due to (I2.15p . Thus we should only prove that 
fl2lT|) implies (^M>- 

Let us write Eqs. (12. lip as 

R+(p+ = (/ - G-G+)iIj+{0) + G-R-^-, P_(^„ = (/ - G+G-)ij4T) + G+R+^+. 

Combining these two equahties, we get 

(/ - G-G+)R+ip+ = (/ - G_G+)^+(0) + G_(/ - G+G_)^_(r), 
(/ - G+G_)i?_v5_ = (/ - G+G_)^_(r) + G+(/ - G_G+)^+(0). 

Note that G±(/ - G^G±) = (/ - G±G^)G± and therefore, using (|2A5|) . one obtains fl210|) . □ 
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This lemma shows that the function 

^(x) = e"*^"" (/ - G-G+)-\R+f+ - G-R-if.) + e^""*)^- (/ - G+G.)-\R-if- - G+R+f+) 

(2.18) 

is a unique solution of problem fll.4l) - fll.5p . 

One can check that the functions iIj± are continuous on [0, r], the strong derivatives dil)±/dx exist 
and are (strongly) continuous on (0, r) (see Subsection [3]). This completes the proof of Theorem II .![ 



2.3 Half-space problems 

Under the same assumptions, let us consider the equation 

^ = -JLip{x) (0 < X < oo), (2.19) 
ax 

on the infinite interval (0, +oo). The boundary conditions 

P+V^(0) = , (2.20) 
U{x)\\h = 0{1) (x^+oo) (2.21) 

corresponds to this feature of the problem (see e.g. [IS])- As above, G if+ is a given vector. 

Theorem 2.7. Assume that L = L* > and that the operator B := JL is similar to a self-adjoint 
operator in the Hilbert space H . Then for each y9+ G there is a unique solution ip of fl2.19p - 
fl2.20p - fl2.2ip . This solution is given by 

r+oo 

ij{x) = / e-^* dEfR+^+ (= e-^^^i?+^+), (2.22) 
J+o 

where , R^, and are the operators defined in Subsection \2.2[ 

The proof is simpler than the proof of Theorem 11.11 It is similar to the treatments from [16l 
Section 4], where equation fll.9p with bounded T and uniformly positive A was considered. We give 
a sketch here. 

Proof Let he a solution of problem flTTg]) - flZ^ and V±(-) := Pii'i')- It follows from that 
for all X G (0, +oo), 

^-{0)e ran(e^^" ) = dom(e-^^" ) and V- (x) = e"^-^" ^. (0) . 
Since B^ < 0, we see that 

lim \\ip_{x)\\fjB = oo whenever ip_{0) ^ 0. 

x— >+oo ^ 

Taking into account (12. ip and fl2.2ip . we get ^'-(0) = iIj-{x) = for all x G (0, oo). Hence, ipi^) = 
^+{x), X > 0, and therefore (12.201) yields P+'ijj+{0) = Combining this with fl2.20p and (12. 9p . one 
can see that iplx) = ip+{x) = e~^^'^ R^if^ is an only function that satisfies (12.190 and fl2.20p . Finally, 
note that fl^:^ follows from ([221) and (^J^. □ 



Remark 2.8. Clearly, Theorem 2/7 is valid with the condition \\iIj(x)\\h = o(l) as x ^ +oo instead 

of (I22ID. 
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3 Correctness and nonhomogeneous problems 

Let the assumptions of Subsection 12.21 be fulfilled. 

Since is a positive self-adjoint operator in H^, we see that U+{z) := e~^^^ is a bounded 
holomorphic semigroup in the sector |argz| < tt/2 (see e.g. [311 Subsection IX. 1.6]). The same is 
true for the function U-{z) := e^^ . In particular, this implies that for any ip± G problems 

d^+{x)/dx = -B+ip+ix), X > 0, ^+(0)=V'+, (3.1) 



dil)-{x)/dx = -B-iIj_{x), X <r, ^_(r) = (3.2) 

have unique solutions ip+^x) = U+{x)iIj+ and ip_{x) = U^{t — x)ip_, respectively. Besides, these 
solutions are infinitely differentiable on (0, r) and problems (13. ip . (13. 2p are uniformly correct (see 
e.g. [371 Subsection 1.2]). The letter means that the mappings V'±(") from to C([0, r]; H^) 

are continuous. 

Lemma [23] and fl2.5p - (l2.6p show that the solution ip of problem (ll.4p - (ll.5p possesses the same 
properties: 

(i) ip are infinitely differentiable on (0,r), 

(ii) the mapping {(p+, v^-} ip{-) from © H_ to C([0, r]; H) is continuous. 

One can obtain similar statements for the solution of problem (I2.19p -( l2.2ip . 
Now consider the nonhomogeneous equation 

^ = -JLip{x) + f{x) (0<a;<r<oo), (3.3) 
ax 

where / is an iJ- valued function. 

We assume that / is Holder continuous on all finite intervals [0,xi], i.e., 

for each Xi G IR+ there are numbers K = K{xi) > 0, k = k{xi) G (0, 1] such that 

\\f{x)-f{y)\\H<K\x-y\'' for < x,y < x,. (3.4) 

Evidently, the functions f±{x) := P^f{x) possess the same property. 
Let us start from the case r < oo and boundary conditions (II. 5p . 

The fact that U±{z) are bounded holomorphic semigroups enables us to apply [3T|, Theorem 
IX. 1.27]. This theorem yields that the functions 

tP+(x):= U+{x -y)U{y)dy and ^'{x) := - U^{y - x)f-{y)dy (3.5) 

are continuous for x G [0,r], continuously differentiable for x G (0,r) and d^jjf/dx = —B^^jjf + f±. 
By Theorem II. H there exist a unique solution ipo of homogeneous equation (12. 4p satisfying the 
boundary conditions 

The representation of ipQ may be obtained from (I2.18p . Thus we prove the following statement. 
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Proposition 3.1. Let assumptions fl2.2p and (13.41) be fulfilled. Then problem (\3.3\i . (11.51) has a 

unique solution ip given by ip = ipf + ipi + 'ipo- 

In the case r = oo, we assume additionally that 

\\ f {x)\\Hdx < OO. (3.6) 



Let us define ipf{-) by (13.51) (with r = +oo). Assumption (13.61) and inequality (12.71) yield that 
ipi{-) is well-defined on [0, oo). 

Proposition 3.2. Let r = oo, let assumptions (12.21) . (13.41) . and (13.61) be fulfilled. Then problem 
(13.31) . (12.201) . (12.211) has a unique solution ip given by = ip^ + ip^ + ipQ, where 

7Ao(a;) = e-^^^i?+(vP+-P+^r(0)). 
Proof. For < x < X, we write ipi{x) in the form Vi{x) + f2(x), where 

Vlix) = - U-{y - x)f-{y)dy, V2{x) = - U-{y - x)f-{y)dy. 

Jx J X 

Since V2{x) = —U^{X—x) J^°°U^{y—X)f^{y)dy,weseeth.eitdv2{x)/dx = —B^V2{x) for <x <X. 
On the other hand, [211 Theorem IX. 1.27] yields that vi is a solution of nonhomogeneous equation 
dil)^{x)/dx = —B~%l)~{x) + f-{x) for < x < X and, therefore, so is ip^ . The latter holds for all 
X > since X is arbitrary. Thus ipi + ipi is a solution of nonhomogeneous equation (13.31) . 

It follows from and ([22D that ||^i+(x)|| = 0(1) and ||V^r(x)|| = o(l) as x ^ oo. Using 

Theorem 12.71 one can conclude the proof. □ 

If L > Ao > 0, then condition (13. 6p can be relaxed. One can change it to ||/(x)|| = 0(1) as 
X ^ oo or to /Q°°e^«^||/(x)||rfx < oo (cf. [HI Section II]). 



4 Abstract kinetic equations 

Let H he a. complex Hilbert space with scalar product (■, ■) and norm || ■ H^^. 

Assume that T is a (bounded or unbounded) self-adjoint operator in Ti. and that T is injective 
(i.e., ker T = 0). 

Let := i?^(]R+) {Q^ := -E'^(]R_)) be the orthogonal projection of 7i onto the maximal T- 
invariant subspace on which T is positive (negative). Then |T| := {Qj^—Q^)T is a positive self-adjoint 
operator. Note that 

Q±T = TQ± and Q^T-'=T-^Q^. (4.1) 

Following ^, let us introduce the scalar product {h,g)T = {\T\h,g) for h,g E dom(T) with 
corresponding norm || ■ \\t and denote by Ht the completion of dom(T) with respect to (w.r.t.) this 
norm. Clearly, H H = dom(|T|i/2) and ||/i||t = || \T\^/^h \\n for h G dom(|T|i/2). 

Similarly, we may introduce another scalar product {h,g)'j, = {\T\~^h, g)T on dom(T^^) with 
associated norm || ■ ||^ and consider the completion of dom(T~^) w.r.t. the norm || • ||^. As 
before, nnn'T = dom{\T\-^/^). 
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It is easy to see that for each g G ran(|T|) = dom(T the hnear functional (■,5') is continuous 
on dom(T) w.r.t. the norm || ■ Besides, its norm is equal to 

sup = = — \nj]\ = 111^1 ^ ^ llw = II^IIt- 

/iGdom(r) II M r 'I'Wh h'gdom(|T|i/2) || n \\H 

So one can use the 7i-scalar product as a pairing to identify with the dual of Tiy The 
operator |T| (|T|^^) has a natural isometric extension from Tiy onto Ti'rp (from onto T^t)- We 
use the same notation for the extensions. 

By fl4.1l) . we may extend the orthogonal projection Q± onto T-Lt and 7i^. Put Th := {Q^ — 
Q-)\T\h for heUT and T-^h := {Q+ - Q_)\T\-^h for h G 

Now let A be a linear operator in T-C + Hr + 'H'rp, let be a vector in Ht, and let /(■) be a function 
with values in TC'j-. Consider an abstract kinetic equation 

T^ = -AtP{x) + f{x) (0<a;<r<oo), (4.2) 
ax 

supplemented by "half-range" boundary conditions in the form 

Q+V^(0) = Q+<f, (4.3) 
Q-iP{t)=Q^(P if r < oo, or \\tp{x)\\nj. = 0(1) (x +oo) if r = oo. (4.4) 

In the abstract kinetic theory the operator A is called a collision operator. It may have any of a 
number of properties (see [211 fT8]). 

Here we consider the case when A is a positive self-adjoint operator from Tiy to Ti'rp. That is, 

(Al) dom(y4) C Ht, and Ah G H't for all /i G dom(y4), 

(A2) (A/i, /i) > for all h G dom(A) \ {0}, 

(A3) A = A*, i.e., dom(A) coincides with the set of all g G Ht such that the mapping h i— > {Ah,g) 
is a continuous linear functional w.r.t. the ?-^j-norm. 

We seek TiT-strong solutions (week solutions in terms of |il8> Section 2]) of problem (14. 2p - 
(14. 41) . That is, it is supposed that d/dx is the strong derivative in T-Ct and that 

(i) ^{■)eC{[0,T]-nT) (orV^(-) GC([0,+oo);7^T) if r = oo), 

(ii) G Cl((0,r);7^T) and ip{x) G dom(A) for x G (0,r). 

Theorem 4.1. Let B he the operator in defined by B := T~^A, dom(i?) = dom(74). Assume 
that the function f is Holder continuous on all finite intervals [0,Xi], Xi > 0, w.r.t. the Ti'rp-norm 
(cf. (133!) ), and that 

B is similar to a self-adjoint operator in Tix- (4-5) 
Then problem (I4.2l) -( l4l3i) -f l4.4p has a unique Tir-strong solution for each (f G Tir- 
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Proof. Put P± := Q± \ TYt- Then P+ and P are mutually complementary orthogonal projections 
in TCt and J = P+ — P_ is a signature operator. 

Note that L := JB is a positive self-adjoint operator in T-Ct (that is, B is J-positive and J-self- 
adjoint). Indeed, since L = — Q_)T~^A and ((5+ — Q-)T^^ = |r|^^, we get 

{Lh,g)T = (|T|(Q+ - Q_)T-'Ah,g) = {Ah,g), h e dom(A), g e Ht- (4.6) 

Hence (Al)-(A3) implies that L = L* > 0. 

So problem (14. 2p - (14. 41) is reduced to correspondent problems for equation (13. 3p . Thus Theorem 
14.11 follows from Propositions 13.11 and 13. 2[ □ 

The form of the solutions is described by Propositions 13.11 13.21 and formula (12.181) . 

Remark 4.2. Actually, assumption (A3) is equivalent to the self-adjointness of the operator L = 
{Q+ - Q-)B m Ht- Note also that (A3) follows from (A1),(A2) and (1431) . 

Indeed, (14. 5 p implies that L is closed and dom(L)(= dom(i?)) is dense in TIt- Assumption (A2) 
implies that L > 0. Assume that L ^ L* . Then L admits a self-adjoint extension L > 0, and 
L ^ L. Further, the operator B := JL is a J-non-negative J-self-adjoint extension of B. Therefore 
[21 Theorem II.3.25] implies ap{B) C M. But^dlSD yields that ran(P - XI) = Ht for all A G C \ M. 
From this and B ^ B, one gets C \ M C cXp^B). This contradiction concludes the proof. 

5 Examples 

If the spectrum cr{B) is real and discrete, then assumption (12. 2p is equivalent to the Riesz basis 
property for eigenfunctions of B. For ordinary and partial differential operators with indefinite 
weights, the Riesz basis property was studied in great detail (see [221 SSI El El [HI EOl SZl and 
references therein). Below we consider several classes of differential equations with B{= JL) such 
that (t{B) 7^ (Tdisc(-B). The theorems obtained in the previous sections are combined with known 
similarity results for Sturm-Liouville operators with an indefinite weight. First, we consider in 
details a nonhomogeneous version of equation (11.71) . Other applications will be indicated briefly (for 
homogeneous equations and the case r < oo only). Using Propositions 13.11 and 13. 2^ one can extend 
these treatments on the half-space problems and the nonhomogeneous case. 

5.1 The equation (sgn x)\ii\'^iIjx = i/j^i^ + / 
Let us consider the equation 

dip d'^ip 

{sgn fi)\fi\'' — {x, fi) = -^{x,fi) + f{x,fi) (0 < a; < r < oo, /i G M), (5.1) 

where a > —1 is a constant. In the case r < oo, the associated boundary conditions take the form 
ip{0,fi) = ^{fi) if /x>0, ip{T, fi) = ^{fi) if /i<0. (5.2) 
If r = oo, we should change them to 

ip{0, fi) = (p{^) if /i > 0, / \ijj{x, fi)\^\fi\°'d^ = 0(1) as x — > +oo. (5.3) 
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To write (15. ip in the form (14.21) . one can put Ti = L^(]R), (Ty){fi) = (sgn/x)|/i|"2/(yu) and 
A : y —y". Then, 

Ht = ^^(M, ll^l^d/j,), H't = L\R, |/i|-"c//i). 
It is assumed that A is an operator from Tix to Ti'rp and that it is defined on the natural domain 

dom{A) = {yenT:y,y'eAaoM and / G Kl- 

One can find the operators Q± (see Section H]) and check that J := ((5+ — Q-) \ Ht coincides with 
J defined by (II. 6p . Consider the operators B := T~^A and L := JB. Both operators are defined on 
dom(y4) by the following differential expressions 

B : y(/i) - -^^/(/^), L : y{^^) ^ -t^J\i^). 

\r'\ \r'\ 

Clearly, By, Ly G Ht for all y G dom(74). So B and L are operators in Ht- It is easy to check (see 
e.g. p]) that 

L is a positive self-adjoint operator in Ht- (5.4) 

It follows from (15. 4p . Remark 14.21 and (14.60 that conditions (Al)-(A3) from Section H] are fulfilled 
for the operator A. It was proved in p3] (see also [TOl [23l [31]) that the operator B is similar to a 
self-adjoint operator in the Hilbert space L^(]R, \fi\°'dfi). By Theorem 14. H we obtain the following 
result. 

Assume that f^\f{x, fi)\'^\fj,\~°'dfj, < oo, x E (0,r), and that f{x) is Holder continuous on all finite 
intervals [0, xi] (see (13. 4p ) as a function with values in L^(M, |/i|~"(i/i); t/ien i/iere is a unique solution 
of problem (15. ip . (15.20 (problem (15.10 . (15. 3p . m i/ie case r = +oo^ /or ei'ery G L^(]R, \fi\°'dfi). 

Remark 5.1. In the case r < oo and a = 0, problem (I5.ip -( l5l2l) ti;as considered in f5^ under 
additional assumptions that ip belongs to a certain Holder class. The half-space problem (t = oo) was 
studied in fj^ \l7jj (see also remarks in fj^ Appendix II]). More precisely, in fJS^ , the homogeneous 
equation was considered for all a > — 1 under the assumption (|v?P|/i|" + \ip'\'^)dfi < oo. In fll^ , 
the nonhomogeneous case was considered for a = 1 and (p{-), /(•) from certain classes of continuous 
functions. Explicit integral representations for solutions were obtained in fj^ , 15^ . Note also that 



Eq. (15. ip was studied in |^ for n in a finite interval [—a, a], however, the latter makes the spectrum 
of B discrete. 



5.2 The case when L is uniformly positive 

Consider equation (ll.4p under the assumption L = L* > 6 > 0, i.e., the operator L is uniformly 
positive in the Hilbert space H. As before, put B = JL, where J is a signature operator in H. In this 
case, B is similar to a self-adjoint operator iff oo is not a singular critical point of B (see Proposition 
12.20 . For ordinary differential operators with indefinite weights, the regularity of the critical point 
oo is well studied even in the case of a finite number of turning points (i.e., the points where the 
weight w changes sign). We will use one result that follows from [8]. 
Let the functions w,p, q be such that 

w,qeLl^{R), p(/i)>0 a.e. on M, and p'^,peL^M- (5-5) 
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Assume that the maximal operator 



{~{py')' + QU) is self-adjoint in the Hilbert space L^{R, \w{fi)\dfi), 



w 



i.e., it is in the limit point case both at +00 and —00. Assume also that the sets 

X+ := {/i G M : w{fi) > 0} and J_ := {/i G M : w{n) < 0} 

are both of positive Lebesgue measure. 

The elements of the set X+ fl X„ are called turning points of w. 

Put (J/)(/i) := (sgnw(^))/(;u) for / G ^^(M, and B = JL. Then 



is a J-self-adjoint operator in L^(]R, \w{fi)\dfi). 

The following definition is an improved version of Beals' condition [3] . 

Definition 5.2 ([8J). A function w is said to be simple from the right at /iq if there exist S > such 
that w is nonnegative (nonpositive) on [fiQ, fiQ + 6] and 



holds a.e. on [/io,/io + ^] 'with some (3 > —1, p E C^[fio, fiQ + 6], p{fio) > 0. A function w is said to 
be simple from the left at fiQ if the function fi \—>- w{—{fi — po) + /io) is simple from the right at fiQ. 
A function w is said to be simple at fiQ if it is simple from the right and simple from the left at p 
(with, possibly, different numbers (3). 

It follows from the results of [8| that 00 is a regular critical point of B if the following assumptions 
are fulfilled: 

(i) the function w has a finite number of turning points at which it is simple, 

(ii) L = L* > and p{B) ^ 0. 

For the proof, we note that the set T>[JB] = VlL] is separated (in terms of [8, Subsection 3.2]) 
since L is in the limit point case at +00 and —00. So the case (i) of [8], Theorem 3.6] holds for B. 

If, additionally, L > 6 > then G p{L) and, consequently, G p{B) since J is a unitary 
operator. Besides, is not a critical point of B. Hence one can obtain the following statement from 
Proposition 12.21 and P, Theorem 3.6]. 

Proposition 5.3. Assume that the function w has a finite number of turning points at which it is 
simple, and that L = L* > 6 > 0. Then the operator B is similar to a self-adjoint operator in 
L\R, \w{p)\dp). 

Thus, if the conditions of Proposition 15.31 are satisfied. Theorem 11.11 implies that there is a unique 
strong solution of the corresponding boundary problem fll.4p -f fT75|) (cf. [161 Section 4]). 
Note that the condition L > 5 > is fulfilled whenever 



B -.y — 



{-{py'y + Qy) 



w 



^(y") = (/^ - /^o) P(/^) {w{p) = -{p - porp{p), respectively) 



(5.6) 



w{p)\ 



> C > 0, where C is a constant (cf. [l5l Appendix I]). 



(5.7) 
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Example 5.4 (cf. [16]). Consider the equation 

(sgn/x)|/i|"-^ = -^-k^ (0 < X < r < oo, /i e M), (5.8) 

where k > and a G (—1,0] are constants. Evidently, the weight function w{fi) = (sgn/i)|/i|" is 
simple in its only turning point 0. Besides, condition (15.71) is satisfied since a G (—1,0]. So problem 
(15.81) . (15. 2p has a unique solution for every if G L^(]R, |/i|°(iyu). 

Remark 5.5. The half-space problem for the equation (15.81) with a = 1 and k > was studied in 
l44^ . Note that if a > 0, the operator L associated with Eq. ( 15. 8p is not uniformly positive. To extend 
the method of the present paper to the case a > 0, one should prove that is a regular critical point 
of the operator B : y {sgn fi)\fi\'°'{—y" + ky) (cf. Subsection \5.3\) . 

Improvements of condition (15. 6p may be found in [8] (the end of Subsection 3.1) and [H]. Note 
also that [8", Theorem 3.6] is valid for higher order ordinary differential operators. 



5.3 The Fokker- Plank equation 

In the case when inf aess{L) = 0, the similarity problem for the operator B : y ^{~{py')' + QU) is 

more difficult. This question was considered in [TUl [13 ESI [121 [23 [SH [33 [33 [23 (see also references 

therein). A general method was developed in [291 [30], where the operator B with 

w{fi) = sgn/i and p{fi) = 1 was studied. However, all results contained in [30l Sections 3-6] are 

valid without changes in proofs for the general Sturm-Liouville operator B with one turning point. 

The approach of [30] was applied to the case g = in [351 [311 [28], where the following theorem was 

proved. 

Theorem 5.6 ([33 [33 [21]). Assume that w G Lj'Q^(]R), fiw{fi) > for a. a. yU G M, and the function 
w is simple at its only turning point 0. Assume also that w has the form w{fi) = ±r(/i) lyul"* for 
fi G ]R±, where the function r satisfies the following conditions 

/i"+/^|r(/i) - c+|d/i < OO, / |yu|"-/^|r(/i) - c„|d/i < oo, (5.9) 

J — oo 

and a± > —1, c± > are constants. Then the operator B : y defined on its maximal 

domain in L^(]R, \w{fi)\dfi) is similar to a self-adjoint operator. 

Evidently, the operator L : y ^ ~'^\y" nonnegative in L^(]R, |w(/i)|(i/i). Moreover, if condition 
(15.91) is fulfilled, L is positive. Indeed, any solution of the equation Lyo = has the form yo{fi) = 
ci + C2/U, G M, where Ci and C2 are constants. But it follows from (15.91) that yo ^ L^(M., \w{fi)\dfi) 
for all Ci, C2 G C. 

Applying Theorem ll.il we obtain the existence and uniqueness theorem for the time-independent 
Fokker-Plank equation of the simplest kind (see e.g. [52] and also references in [6]) 

^~dx^^' " 9/? (0 < X < r < oo, yu G M). (5.10) 

Namely, if the assumptions of Theorem \ 5. 61 are satisfied for the function w(/i) = b{fi)^~^, then the 
boundary value problem (15.101) . (15.21) has a unique solution for every (f G L^(M, \w{^)\d^). 
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Remark 5.7. The case when B is an ordinary differential operator of higher order and inf aess{L) = 
was considered in fIR l2R \2^. For partial differential operators, see JM, 123, HH 1^^ - 

The author express his gratitude to V.A. Derkach, who drew author's attention to the papers 
J3, l3^ : to M.M. Malamud, V.A.Marchenko, and H. Stephan for stimulating discussions about this 
circle of problems. The author wishes to thank for the hospitality to the University of Zurich, the 
Johann Radon Institute for Computational and Applied Mathematics, and the University of Calgary, 
where various parts of this paper have been written. 
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